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The burden of having 3 particles or more in a box
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e.g.,
LHCb collaboration (2013)

“Few-body problems are present in many branches of physics...”

particle physics 

Why few-body physics?

First unquenched LQCD calculation: 
Horgan, Liu, Meinel & Wingate (2013)

B0 ! K⇤0`+`�

all references are 
hyperlinked!

See poster by M. Wingate 
this afternoon

http://arxiv.org/abs/1308.1707
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e.g.,
LHCb collaboration (2013)

“Few-body problems are present in many branches of physics...”

particle physics 

K*(892): 
I (JP) =½ (1-) resonance 
above πK and ππK thresholds
just below Kη~Kπππ threshold

Weak

p

⇡
B

external weak current

QCD

p

⇡
⇡B+ +

...+

⇡

K
K⇤ K⇤

K
p

B
⇡

K⇤

K

⌘

K K

Why few-body physics?

First unquenched LQCD calculation: 
Horgan, Liu, Meinel & Wingate (2013)

B0 ! K⇤0`+`�

See poster by M. Wingate 
this afternoon

http://arxiv.org/abs/1308.1707
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http://arxiv.org/abs/1308.1707
http://arxiv.org/abs/1308.1707
http://arxiv.org/abs/1308.1707
http://arxiv.org/abs/1308.1707
http://arxiv.org/abs/1308.1707
http://arxiv.org/abs/1310.3887
http://arxiv.org/abs/1310.3887


K
“Few-body problems are present in many branches of physics...”

particle physics

nuclear physics

e.g., the “Roper”, N*(1440) 

55-75%

⇡
N

N*

...+~0%

p

+

30-40%

dominantly decays to two particles with 
significant overlap with three-particle states!

⇡
Np

⇡
⇡
N

N* +
⇡
Np

⇡
⇡
⇡
N

N*

Why few-body physics?

Roper:
 I (JP) =½ (½+) resonance
above the Nπ , Nππ and Nπππ thresholds



Why few-body physics?

K
“Few-body problems are present in many branches of physics...”

particle physics

nuclear physics

atomic physics

condensed matter physics

...



Four main challenges with 
few-body systems on the lattice

Optimal operators

Poor signal/noise 

Large number of contractions 

Interpretation of observables

1

2

3

4 0.20

0.25

0.30

0.35

onlyonly

[Hadron Spectrum Coll.] Dudek, Edwards, Thomas (2012)

“without the right basis of operators, 
you simply get the wrong spectrum” also see Lang & Verduci (2012)

see talk by W. Kamleh on the 
implication of the five-quark 
operators on the nucleon 
spectrum, Wed. @ 09:00

http://arxiv.org/abs/1212.0830v1
http://arxiv.org/abs/1212.0830v1
http://arxiv.org/abs/1212.5055
http://arxiv.org/abs/1212.5055


Four main challenges with 
few-body systems on the lattice

Optimal operators

Poor signal/noise 

Large number of contractions 

Interpretation of observables

1

2

3

4

[NPLQCD Coll.] Beane, Chang, Cohen, Detmold, Lin, 
Luu, Orginos, Parreno, Savage, Walker-Loud (2012)
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Lepage (1989)
M. J. Savage (2010)
Grabowska, Kaplan & Nicholson (2012)
...
Detmold and Endres (2014)

signal deterioration 4 8 12 16 20

1.195

1.205

1.215

têb

b
M

see M. Endres’s talk Fri. @ 18:10, for 
signal/noise enhancement techniques

http://arxiv.org/abs/1206.5219
http://arxiv.org/abs/1206.5219
http://arxiv.org/abs/1206.5219
http://arxiv.org/abs/1206.5219
http://arxiv.org/abs/1208.5760
http://arxiv.org/abs/1208.5760
http://arxiv.org/abs/1306.5818
http://arxiv.org/abs/1306.5818
http://arxiv.org/abs/1404.6816
http://arxiv.org/abs/1404.6816


Four main challenges with 
few-body systems on the lattice

Optimal operators

Poor signal/noise 

Large number of contractions 

Interpretation of observables

1

2

3

4

u

d

u d
u

d

u

u

du
d

d

u

d

u d
u

d

u

u

du
d

d

Some clever tricks:
Detmold & Savage (2010) 
Detmold, Orginos & Shi (2013)
Doi & Endres (2013)
Detmold & Orginos (2013)
Günther, Toth and Varnhorst (2013)

...

e.g., naïvely 4He has 6! x 6! = 518,400 contractions!

See poster by P.  Vachaspati this afternoon
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n

http://arxiv.org/abs/1001.2768
http://arxiv.org/abs/1001.2768
http://arxiv.org/abs/1205.4224
http://arxiv.org/abs/1205.4224
http://arxiv.org/abs/1205.0585
http://arxiv.org/abs/1205.0585
http://arxiv.org/abs/1207.1452
http://arxiv.org/abs/1207.1452
http://arxiv.org/abs/1301.4895
http://arxiv.org/abs/1301.4895
http://arxiv.org/abs/1301.4895
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Four main challenges with 
few-body systems on the lattice

Optimal operators

Poor signal/noise 

Large number of contractions 

Interpretation of observables

1

2

3

4

u

d

u d
u

d

u

u

du
d

d

focus of this talk!

JLAB-THY-14-1901
INT-PUB-14-015

Nuclear Reactions from Lattice QCD

Raúl A. Briceño1, Zohreh Davoudi2,3, Thomas C. Luu4
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Abstract.

One of the overarching goals of nuclear physics is to rigorously compute properties
of hadronic systems directly from the fundamental theory of strong interactions,
Quantum Chromodynamics (QCD). In particular, the hope is to perform
reliable calculations of nuclear reactions which will impact our understanding of
environments that occur during big bang nucleosynthesis, the evolution of stars
and supernovae, and within nuclear reactors and high energy/density facilities.
Such calculations, being truly ab initio, would include all two-nucleon and three-
nucleon (and higher) interactions in a consistent manner. Currently, lattice QCD
provides the only reliable option for performing calculations of some of the low-
energy hadronic observables. With the aim of bridging the gap between lattice
QCD and nuclear many-body physics, the Institute for Nuclear Theory held a
workshop on Nuclear Reactions from Lattice QCD on March 2013. In this review
article, we report on the topics discussed in this workshop and the path planned
to move forward in the upcoming years.
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See RB, Davoudi & Luu (2014) for a very 
recent review on the status of few-body 
physics from the lattice!

http://arxiv.org/pdf/1406.5673v1.pdf
http://arxiv.org/pdf/1406.5673v1.pdf


How?
Correlation functions: three basic representations 

1

...explains how to extract observables

C(x0 � y0,P) = h0|O0
�0(x0,P)O†

�(y0,�P)|0i
= �

�,�

0

X

n

e�E�,n(x0�y0)h0|O0
�

(0,P)|E
�,n

ihE
�,n

|O†
�

(0,�P)|0i

Operators could be different, but must 
have same quantum numbers (λ)



How?
Correlation functions: three basic representations 

1

2

... allows us to evaluate correlation functions numerically

C(x0 � y0,P) = h0|O0
�0(x0,P)O†

�(y0,�P)|0i
= �

�,�

0

X

n

e�E�,n(x0�y0)h0|O0
�

(0,P)|E
�,n

ihE
�,n

|O†
�

(0,�P)|0i

C(x0 � y0,P) =
1

ZEucl.

Z
D[U, q, q̄]O0

�0(x0,P)O†
�(y0,�P) e�SEucl.



How?

1

2

3 Sum over all Feynman diagrams:

+ + ...+

⇡⇡ ! ⇡⇡e.g.,

... gives meaning to the observables!

hadrons: the low-energy 
degrees of freedom

F.T. { }C(x0 � y0,P) =

C(x0 � y0,P) = h0|O0
�0(x0,P)O†

�(y0,�P)|0i
= �

�,�

0

X

n

e�E�,n(x0�y0)h0|O0
�

(0,P)|E
�,n

ihE
�,n

|O†
�

(0,�P)|0i

C(x0 � y0,P) =
1

ZEucl.

Z
D[U, q, q̄]O0

�0(x0,P)O†
�(y0,�P) e�SEucl.

Correlation functions: three basic representations 



One particle in a finite volume

+

+...=1PI

1PI 1PI 1PI+ + ...

L

Lüscher (1986) C(x0 � y0,0) �! Z0e
�mL(x0�y0) ⇡ Z0e

�m1(x0�y0)

 One particle in a periodic finite volume:

Subleading corrections 
for mπ L ~ 4

Below multi-particle threshold 
intermediate particles cannot go on-shell

interaction with mirror images are 
suppressed (i.e., finite volume loops are can 

be replaced by infinite volume ones)

pion exchange

C(P ) =

http://link.springer.com/article/10.1007%252FBF01211589
http://link.springer.com/article/10.1007%252FBF01211589


One particle in a finite volume

+

+...+=1PI

1PI 1PI 1PI+ + ...

L

Lüscher (1986) C(x0 � y0,0) �! Z0e
�mL(x0�y0) ⇡ Z0e

�m1(x0�y0)

 One particle in a periodic finite volume:

Subleading corrections 
for mπ L ~ 4

Below three-particle threshhold 
intermediate particles cannot go on-shell

interaction with mirror images are 
suppressed (i.e., finite volume loops are can 

be replaced by infinite volume ones)

pion exchange

C(P ) =

Take home message: ”get a big enough box and you 
might as well forget about the fact that you performed 

calculations in a finite Euclidean spacetime”



Typically larger corrections set 
by size of bound state

Bound states in a finite volume
Get sufficiently large boxes and extrapolate to infinite volume

Formal studies supporting claim:
 Lüscher (1986) 

 Beane, Bedaque, Parreno, and Savage (2004), (2005)

 Bour, Koenig, Lee, Hammer, and Meissner  (2011)

 Kreuzer & Hammer (2008, 20009, 2010)

 Davoudi and Savage (2011) (2014)

 Kreuzer & Grießhammer (2013)

 RB, Davoudi, Luu and Savage (2013) ...

C(x0 � y0,0) �! Z0e
�mB,L(x0�y0) ⇡ Z0e

�mB,1(x0�y0)

Some lattice QCD calculations involving bound
 Yamazaki, Ishikawa, Kuramashi, and Ukawa (2012)

 Beane et al. [NPLQCD] (2012)

 Hadron Spectrum Coll. (2014)

 HAL QCD 

http://arxiv.org/abs/1207.4277
http://arxiv.org/abs/1207.4277
http://arxiv.org/abs/1206.5219
http://arxiv.org/abs/1206.5219


No-go theorem revisited

 Maiani & Testa (1990)

 RB, Hansen & Walker-Loud (2014)

...
...
.

Minkowski:

Euclidean:

h0|O⇡⇡(t) O†
⇡⇡(�t)|0i �!

h0|O⇡⇡(t) O†
⇡⇡(�t)|0i �!

asymptotic, on-shell states

on-shell & off-shell states

In a nutshell:

Calculation involving two particles or more, require additional 
formalism to relate lattice QCD quantities to infinite volume Minkowski 
observables:

same thing with some 
modern “bells & whistles” 

see A. Walker-Loud’s talk, today @ 17:10

http://www.sciencedirect.com/science/article/pii/0370269390906953%23
http://www.sciencedirect.com/science/article/pii/0370269390906953%23
http://arxiv.org/abs/1406.5965
http://arxiv.org/abs/1406.5965


A roadmap towards physics
Calculate finite volume spectrum1

Plug into formalism2

Out goes elastic & inelastic QCD 
scattering amplitudes  

3

à la mode de Lüscher (1986)

Calculate finite volume form factor4

Plug spectrum, scattering 
parameters and finite volume form 
factor into formalism

5

Out go physical form factors6

à la mode de Lellouch & Lüscher (2000)

time = xi,0

time = xf

time = y0



A roadmap towards physics
Calculate finite volume spectrum1

Plug into formalism2

Out goes elastic & inelastic QCD 
scattering amplitudes  

3

Calculate finite volume form factor4

Plug spectrum, scattering 
parameters and finite volume form 
factor into formalism

5

Out go physical form factors6

à la mode de Lellouch & Lüscher (2000)

external current

let’s review what is known 
regarding the spectrum first

à la mode de Lüscher (1986)



A long list of extensions of the 
Lüscher formalism

Lüscher (1986), (1991)

 Maiani and Testa (1990)

Rummukainen and Gottlieb (1995)

 Beane, Bedaque, Parreno, and Savage (2004), (2005)

Bedaque (2004)

 Li and Liu (2004)

Detmold and Savage (2004)

Feng,  Li, and  Liu (2004)

 Christ, Kim, and Yamazaki (2005)

Kim, Sachrajda, and. Sharpe (2005)

 Bernard, Lage,  Meissner, and Rusetsky (2008)

Ishizuka (2009)

Bour, Koenig, Lee, Hammer, 
and Meissner  (2011)

Davoudi and Savage (2011) (2014)

Leskovec and Prelovsek (2012)

Gockeler, Horsley, Lage, Meissner, Rakow (2012) 

Polejaeva and Rusetsky (2012)

Hansen and Sharpe (2012), (2013)

RB and Davoudi (2012), (2013)

Li and Liu (2013)

Guo, Dudek, Edwards, and  Szczepaniak (2013)

RB, Davoudi, and Luu (2013)

RB, Davoudi, Luu and Savage (2013) 

Bernard, Lage,Meissner, and Rusetsky (2011)

RB (2014)

Li,  Li,  Liu (2014)

...

(“Lüscher Formalism”)

http://www.sciencedirect.com/science/article/pii/0370269390906953%23
http://www.sciencedirect.com/science/article/pii/0370269390906953%23


L
(in 1+1 dimensions)

Reinventing the quantum-mechanical wheel



L

�(x) ⇠ eipx

(in 1+1 dimensions)

Reinventing the quantum-mechanical wheel



L

�(x) ⇠ eipx

�(L) = �(0)

L pn = 2�n

Periodicity:

Quantization condition:

(in 1+1 dimensions)

Reinventing the quantum-mechanical wheel



Two particles:

Reinventing the quantum-mechanical wheel



Two particles:

Reinventing the quantum-mechanical wheel

x



p*

Two particles:

Reinventing the quantum-mechanical wheel

x



p*

Two particles:

Reinventing the quantum-mechanical wheel

infinite volume 
scattering phase shift

Asymptotic 
wavefunction

Spectrum:�(x) ⇠ eip
⇤x+i2�(p⇤)

x



p*

Two particles:

Periodicity: �(L) = �(0)

L p⇤n + 2�(p⇤n) = 2⇥nQuantization condition:

Reinventing the quantum-mechanical wheel

infinite volume 
scattering phase shift

Asymptotic 
wavefunction

Spectrum:�(x) ⇠ eip
⇤x+i2�(p⇤)

x



L p⇤n + 2�(p⇤n) = 2⇥n

L [fm] p⇤ [MeV]

� [degrees]p⇤ [MeV]

Reinventing the quantum-mechanical wheel

n=0

n=1

n=2

n=3
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3+1D result

L

det [M�1 + �GV ] = 0

Model independent & non-perturbative 

Universal: nuclear physics, atomic physics, etc

Arbitrary quantum numbers: relativity, spin, masses, momenta, angular momentum, 
inelasticities, etc

General volumes with any boundary conditions: periodic, anti-periodic, or any linear 
combination on any rectangular prism

Finite volume spectrum Infinite volume scattering

RB [PRD] (2014)

http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312


Finite volume spectrum Infinite volume scattering

3+1D result

L

det [M�1 + �GV ] = 0

Compactly summarizes & 
generalizes all that has been 

written on the two-body sector 
in the literature

A long list of extensions of the 
Lüscher formalism

M. Lüscher (1086), (1991)

L. Maiani and M. Testa (1990)

K. Rummukainen and S. A. Gottlieb (1995)

 S. Beane, P. Bedaque, A. Parreno, and M. Savage 
(2004), (2005)

P. Bedaque (2004)

 X. Li and C. Liu (2004)

W. Detmold and M. J. Savage (2004)

X. Feng, X. Li, and C. Liu (2004)

N. H. Christ, C. Kim, and T. Yamazaki (2005)

C. Kim, C. Sachrajda, and S. R. Sharpe (2005)

 V. Bernard, M. Lage, U.-G. Meissner, and A. 
Rusetsky (2008)

N. Ishizuka (2009)

S. Bour, S. Koenig, D. Lee, H.-W. Hammer, 
and U.-G. Meissne  (2011)

Z. Davoudi and M. J. Savage (2011) (2014)

L. Leskovec and S. Prelovsek (2012)

M. Gockeler, R. Horsley, M. Lage, U.-G. Meissner, P. 
Rakow (2012) 

K. Polejaeva and A. Rusetsky (2012)

M. T. Hansen and S. R. Sharpe (2012), (2013)

RB and Z. Davoudi (2012), (2013)

N. Li and C. Liu (2013)

P. Guo, J. Dudek, R. Edwards, and A. P. Szczepaniak 
(2013)

RB, Z. Davoudi, and T. C. Luu (2013)

RB, Z. Davoudi, T. C. Luu and M. J. Savage (2013) 
(2013)

V. Bernard, M. Lage, U.-G. Meissner, and A. 
Rusetsky (2011)

N. Li, S. Y. Li, C. Liu (2014)

RB (2014)

Ning Li, Song-Yuan Li, Chuan Liu (2014)

...

(“Lüscher Formalism”)

RB [PRD] (2014)

http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312


Finite volume spectrum Infinite volume scattering

3+1D result

L

det [M�1 + �GV ] = 0

determinant over (J, mJ) 
and open channels

RB [PRD] (2014)

http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312


Finite volume spectrum Infinite volume scattering

3+1D result

L

det [M�1 + �GV ] = 0

e.g. positive parity, isosinglet, two-nucleon
 channel (deuteron...)0

BBB@

MS
1 MSD

1 0
MDS

1 MD
1 0

0 0 MD
3

. . .

1

CCCA

Physical scattering amplitude
(Can couple any number of  channels )

When fitting the spectrum one may choose to 
parametrize the scattering amplitude using:

 low-energy effective field theory 
 effective range expansion 
 analyticity
 potential method
 ...

Warning: modeling may creep in here

RB [PRD] (2014)

http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1401.3312


Finite volume spectrum Infinite volume scattering

3+1D result

L

det [M�1 + �GV ] = 0

e.g. S-wave at rest

k⇤ cot �S =

1

⇡L

X

n

1

n2 � (k⇤L/2⇡)2

0

BBB@

�GV
00 �GV

01 �GV
02

�GV
10 �GV

11 �GV
12
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Typically a sparse matrix, but in general 
partial waves do mix (as they should!)
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Finite volume spectrum Infinite volume scattering

3+1D result
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One example: Kπ-Kη
Determine finite volume spectra, e.g., 
Kπ-Kη spectrum using  mπ~390MeV
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One example: Kπ-Kη

                 : resonance
mR =1377(25) MeV

Γ=204(57) MeV

K?
0 (1430)

p
1� ⌘2 ⇠

3

1 by David Wilson, Dudek, Edwards & Thomas 
(2014) [Hadron Spectrum Coll]

http://arxiv.org/abs/1406.4158
http://arxiv.org/abs/1406.4158
http://arxiv.org/abs/1406.4158
http://arxiv.org/abs/1406.4158
http://arxiv.org/abs/1406.4158


2 det [M�1 + �GV ] = 0
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One example: Kπ-Kη

               : bound state
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K?(892)
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Determine finite volume spectra, e.g., 
Kπ-Kη spectrum using  mπ~390MeV

One example: Kπ-Kη
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FIG. 3. Pole singularities of partial-wave t-matrices in the
complex plane for JP = 0+(red), 1�(orange) and 2+(green).
Squares correspond to poles found on unphysical sheets, circle
is a physical sheet bound-state.

of relativistic scattering is that the square-root branch
cut present in the phase-space leads to a multi-sheeted
structure for scattering amplitudes. The usual approach
is to place the branch cuts along the real axis beginning at
kinematic thresholds and running out to positive infinity.
Physical scattering occurs just above these cuts on the
first Riemann sheet, sheet I, where in our two-channel
case, Im k

⇡K

> 0, Im k
⌘K

> 0. Resonance poles lie on
the “unphysical” sheets reached by passing through the
cuts, at pole positions which may be expressed in terms
of a “pole mass” and “pole width”,

p
s
0

= m � i�/2.
Bound-states may appear as poles on the physical sheet
on the real axis below threshold.

In Fig. 3 we present the pole singularities found for the
parameterizations given previously. As expected from
the relatively slow increase through 90� in the ⇡K 0+

phase-shift, we find a K?

0

resonance pole with a large
width. In the 2+ case the rapid rise in phase-shift is due
to a K?

2

resonance pole at a slightly higher mass with a
much smaller width. Both resonances have a dominant
coupling to ⇡K extracted from the residue of the pole.
The 1� amplitude has a bound-state pole just below ⇡K
threshold. The 0+ amplitude has another pole which lies
on the real axis some way below ⇡K threshold. The 1�

pole is the only one lying on the physical sheet, the others
lie on both sheet II where Im k

⇡K

< 0, Im k
⌘K

> 0 and
sheet III where Im k

⇡K

< 0, Im k
⌘K

< 0.

The extracted poles follow a similar pattern to that
found in experiment; the broad scalar and narrow tensor
resonances resemble the K?

0

(1430) and K?

2

(1430) experi-
mental states respectively, in both mass and width. The
heavy (u, d) quark masses result in a bound-state with
JP = 1� within a few MeV of ⇡K threshold, where ex-
periment finds a narrow elastic scattering resonance. It
is our expectation that the K? vector bound-state will
become a resonance as the light quark mass is decreased,

with the observed proximity to the ⇡K threshold being
an accident of the particular quark mass value used in
this calculation. We note that the Breit-Wigner coupling
extracted above is in quite reasonable agreement with the
value gphys

R

= 5.52(16), corresponding to the experimen-
tal width [5], in line with the theoretical suggestion that
vector meson couplings are largely quark-mass indepen-
dent [12].

Our observation of a 0+ pole below threshold on un-
physical sheets agrees with the qualitative prediction of
unitarized chiral perturbation theory that as the pion
mass is increased above its physical value, the  reso-
nance pole becomes a virtual bound state [12].

Summary: Through lattice QCD computation of dis-
crete excited state spectra in finite-volumes we have been
able to determine coupled-channel scattering amplitudes
via parameterizations of their energy-dependence. The
singularity structure of these amplitudes was then ex-
plored. This calculation serves as a demonstration that
using these techniques it is possible to extract informa-
tion about not only narrow resonances and bound-states,
but also broad resonances and non-resonant features such
as virtual bound-states.

While in this case relatively little coupling was ob-
served between the two scattering channels, there are
cases in which strong coupling is anticipated, such as
(⇡⌘, KK) in which the a

0

(980) resonance appears, and
the isoscalar channel (⇡⇡, KK, ⌘⌘) whose resonance
structure and interpretation poses a number of questions
for QCD. Building on the successful application of the
finite-volume formalism for coupled-channels presented
in this letter, we can consider these more strongly cou-
pled systems, move to lighter quark masses, and explore
states with exotic partial waves.
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particle coupled-channel scattering 

parameters from lattice QCD!
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arXiv:1406.4158 for a copy of the manuscript.
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Spectrum 3-body system in a box
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Spinless, identical particles!
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Spectrum 3-body system in a box
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Spinless, identical particles!
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Energy
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Polejaeva & Rusetsky (2012)
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Formally, no poles on the 
two-particle K-matrix

No general solution for three-particles in a box yet!
 strongly interacting
 relativistic
 distinguishable particles
 spin
 coupled channels
 etc.



N-Body system in a box
Weakly interacting N-bosons (two species):

 Smigielski & Wasem (2008)

 Tan (2008)

 Beane, Detmold, & Savage (2007)

Weakly interacting N-bosons + 1 baryon: 

 Detmold & Nicholson (2013)

Deeply bound N-particles: 

 Yamazaki, Ishikawa, Kuramashi, and Ukawa (2012)

 Beane et al. [NPLQCD] (2012)

See J. Green’s talk, Wed @ 12:30: H-dibaryon searches
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Alternative techniques
Finite-volume Hamiltonian method: 

 Technique for parametrizing the interaction between particles in a finite volume 

   Nπ in ∆ channel [Hall, Hsu, Leinweber, Thomas & Young (2013)]

  ππ-KK coupled channel [Wu, Lee, Thomas & Young (2014)]

Non-relativistic potential method for N-body:

Arbitrary number of non-relativistic particles

 Relativistic limit holds for two particles

  HAL QCD (2012) 

e.g., see Walker-Loud (2014)

Σπ-KN Spectrum 
[Leinweber et al.]

See D. Leinweber’s talk today @ 16:50

See T. Doi’s talk Thursday @ 15:55
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Not distinct from Lüscher! Just another way 
to parametrize the scattering amplitude!
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A roadmap towards physics
Calculate finite volume spectrum1

Plug into formalism2

Out goes elastic & inelastic QCD 
scattering amplitudes  

3

à la mode de Lüscher (1986)

Calculate finite volume form factor4

Plug spectrum, scattering 
parameters and finite volume form 
factor into formalism

5

Out go physical form factors6

à la mode de Lellouch & Lüscher (2000)

time = xf

time = y0

What about form factors of 
unstable particles, two particle 

or more?

time = xi,0



Transition form factors

t = xi,0, Pi t = xf,0, Pf

t = y0, Pf -Pi

Note: off-shellness cancels!

à la mode de Lellouch & Lüscher (2000)finite volume                    
one-to-two matrix element!

���hE⇤f ,nfPf ;L|J̃⇤µ(0,Pf �Pi)|E⇤i,0Pi;Li
��� =

1p
2E⇤i,0

rh
A†

⇤f ,nf ;⇤µ R⇤f ,nf A⇤f ,nf ;⇤µ

i

NT@WM-14-04

Multichannel 1 ! 2 transition form factors in a finite volume

Raúl A. Briceñoa,1 Maxwell T. Hansenb,2 and André Walker-Loudc3, 1

1Jefferson Lab, 12000 Jefferson Avenue, Newport News, VA 23606, USA
2Department of Physics, University of Washington, Box 351560, Seattle, WA 98195, USA

3Department of Physics, College of William and Mary, Williamsburg, Virginia 23187-8795, U.S.A.

We perform a model-independent, non-perturbative investigation of two-point and three-point
finite-volume correlation functions in the energy regime where two-particle states can go on-shell.
We study three-point functions involving a single incoming particle and an outgoing two-particle
state, relevant, for example, for studies of meson decays (e.g., B0 ! K⇤`+`� ! ⇡K`+`�) or meson
photo production (e.g., ⇡� ! ⇡⇡). We observe that, while the spectrum solely depends upon
the on-shell scattering amplitude, the correlation functions also depend upon off-shell amplitudes.
The main result of this work is a non-perturbative generalization of the Lellouch-Lüscher formula
relating matrix elements of currents in finite and infinite spatial volumes. We extend that work
by considering a theory with multiple, strongly-coupled channels and by accommodating external
currents which inject arbitrary four-momentum as well as arbitrary angular-momentum. The result
is exact up to exponential corrections governed by the pion mass times the box size. We also apply
our master equation to various examples, including the two processes mentioned above as well as
examples where the final state is an admixture of two open channels.

I. INTRODUCTION

There are a number of matrix elements involving hadronic two-body initial and/or final states for which a direct
calculation with lattice QCD would provide a significant advancement for nuclear and particle physics. For example,
the calculation of proton-proton fusion through the weak interactions, pp ! de+⌫e, will allow for a direct theoretical
prediction of this fundamental process which powers the sun. The MuSun Collaboration will measure a related process,
muon capture on deuterium [1]. At low energies, these two processes are described by the same two-nucleon contact
interaction [2], providing an opportunity to over-constrain these reactions for which there is currently discrepancy
between experimental resutls [3, 4] and theory calculations [2, 5]. Another example of particular interest is the
heavy meson decay B0 ! K⇤`+`� ! ⇡K`+`� which could be used to probe physics beyond the Standard Model.
Also for this process there is currently tentative tension between experimental results [6–10] and Standard Model
predictions [11–14].

The opportunity to test the Standard Model with these decays motivated early quenched lattice QCD calcula-
tions [15–21]. The newly observed tension between theory and experiment has motivated dynamical lattice QCD
calculations to determine the hadronic form factors. These also find evidence for deviations from the Standard
Model [22, 23]. There is, however, an important caveat to these calculations known as the Maiani-Testa no-go theo-

rem. This is the observation that there is no simple relation between Euclidean-spacetime correlators and the desired
Minkowski-spacetime transition matrix elements, whenever the initial or final states contain multiple hadrons [24]. As
the K⇤

(892) is a strong resonance of the K⇡ scattering system (for m⇡ . 400 MeV), this issue cannot be avoided for
lattice QCD calculations of this important quantity. However, the Maiani-Testa result only governs infinite-volume
Euclidean correlators. Indeed, Lellouch and Lüsher showed how physical K ! ⇡⇡ weak decays can be extracted
from finite-volume matrix elements [81]. Working in this spirit, we demonstrate how to unambiguously study 1 ! 2

form factors via lattice QCD. This is a first step towards being able to construct a formalism that will allow for the
determination of form factor for 2 ! 2, which would be relevant for pp ! de+⌫e.

In order to determine form factors, both two- and three-point correlation functions are needed. From two-point
correlation functions one can most easily extract the finite-volume spectrum. From appropriate ratios of two- and
three-point correlation functions one may also obtain finite-volume matrix elements of external currents. In Section II,
we present a derivation of the finite-volume two-point correlation functions for one and two-particle systems.1 In this
analysis, we consider an arbitrary number of two-particle channels which mix with arbitrarily strong couplings.
We restrict attention to spin-zero particles, but do formally accommodate all two-particle angular-momenta states.
From the two-point correlators of such systems one can obtain expressions for the one and two-particle finite-volume
spectrum. The finite-volume corrections to the masses of single particles are exponentially suppressed in m⇡L, where

a
rbriceno@jlab.org

b
mth28@uw.edu

c
walkloud@wm.edu

1 Although it is customary in the literature to label correlation functions by the total number of particles in the initial and final state,
since the number of particles is not a well-defined quantity in finite-volume we choose to simply refer to correlation functions that have
no insertion of external currents as two-point correlation functions and those that do have insertion of external currents as three-point

correlation functions.
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Transition form factors

((
a matrix in the space of open channels

V

V

V

V

...

Warning: depends on spectrum, 
momenta, scattering parameters and 
their derivatives!

t = xi,0, Pi t = xf,0, Pf

t = y0, Pf -Pi

���hE⇤f ,nfPf ;L|J̃⇤µ(0,Pf �Pi)|E⇤i,0Pi;Li
��� =

1p
2E⇤i,0
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A†
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i

two-particle propagator residue
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Transition form factors

(...(
a vector in the space of open channels

t = xi,0, Pi t = xf,0, Pf

t = y0, Pf -Pi

���hE⇤f ,nfPf ;L|J̃⇤µ(0,Pf �Pi)|E⇤i,0Pi;Li
��� =

1p
2E⇤i,0

rh
A†

⇤f ,nf ;⇤µ R⇤f ,nf A⇤f ,nf ;⇤µ

i

infinite volume transition amplitude, related to infinite volume matrix elements

ha, Pf , JmJ ;1|J̃⇤µ(0,Q;1)|Pi;1i = [A⇤µ;JmJ ]a (2⇡)3 �3(Pf �Pi �Q)

RB, Hansen & Walker-Loud (2014)
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http://arxiv.org/abs/1406.5965


Transition form factors

Reproduces well known K-to-ππ result and shows result 
holds even if the final and initial state are not degenerate. 

p

⇡
K

⇡

Lellouch

Lüscher

���hE⇤f ,nfPf ;L|J̃⇤µ(0,Pf �Pi)|E⇤i,0Pi;Li
��� =

1p
2E⇤i,0

rh
A†

⇤f ,nf ;⇤µ R⇤f ,nf A⇤f ,nf ;⇤µ

i

RB, Hansen & Walker-Loud (2014)

http://arxiv.org/abs/1406.5965
http://arxiv.org/abs/1406.5965


Transition form factors

bosonic systems:
 arbitrary energies, momenta
 arbitrary angular momentum
 partial-wave mixing
 arbitrary open channels
 periodic, twisted BCs 
 generic rectangular prism

baryonic systems:
 final state at rest
 no partial-wave mixing
 single partial wave
 one open channel
 periodic, twisted BCs 

Relevant references:

 RB, Hansen & Walker-Loud (2014)

 Agadjanov,Bernard, Meißner & Rusetsky (2014)

 Hansen & Sharpe (2012) 

 RB & Davoudi (2012)

 Meyer (2012)

 Bernard, Hoja, Meißner & Rusetsky (2012)

 Christ, Kim & Yamazaki (2005)

 Kim, Sachrajda & Sharpe (2005) 

 Detmold & Savage (2004)

 Lin, Martinelli, Sachrajda, and Testa (2001)

 Lellouch & Lüscher (2000)

see A. Walker-Loud’s talk, today @ 17:10

see A. Rusetsky’s talk, Fri @ 17:50

���hE⇤f ,nfPf ;L|J̃⇤µ(0,Pf �Pi)|E⇤i,0Pi;Li
��� =

1p
2E⇤i,0

rh
A†

⇤f ,nf ;⇤µ R⇤f ,nf A⇤f ,nf ;⇤µ

i

http://arxiv.org/abs/1405.3476
http://arxiv.org/abs/1405.3476
http://arxiv.org/abs/1405.3476
http://arxiv.org/abs/1204.0826
http://arxiv.org/abs/1204.0826
http://arxiv.org/abs/1204.1110
http://arxiv.org/abs/1204.1110
http://arxiv.org/abs/1202.6675
http://arxiv.org/abs/1202.6675
http://arxiv.org/abs/1205.4642
http://arxiv.org/abs/1205.4642
http://arxiv.org/abs/hep-lat/0507009
http://arxiv.org/abs/hep-lat/0507009
http://arxiv.org/abs/hep-lat/0507009
http://arxiv.org/abs/hep-lat/0507009
http://arxiv.org/abs/hep-lat/0507006
http://arxiv.org/abs/hep-lat/0507006
http://arxiv.org/abs/hep-lat/0403005
http://arxiv.org/abs/hep-lat/0403005
http://arxiv.org/abs/hep-lat/0104006
http://arxiv.org/abs/hep-lat/0104006
http://arxiv.org/abs/hep-lat/0003023
http://arxiv.org/abs/hep-lat/0003023
http://livepage.apple.com/
http://livepage.apple.com/
http://arxiv.org/abs/1405.3476
http://arxiv.org/abs/1405.3476


Transition form factors
Best known example:                    

A glimpse into the future:
 Christian Shultz [Hadron Spectrum Coll.] 
 mπ~700MeV,  mρ~1,000MeV, Stable ρ 

⇢ ! ⇡�

K ! ⇡⇡

 see talks by N. Ishizuka,              
C. Kelly, D. Zhang [yesterday!]

 see talks talk Thurs. @ 3:55pm

Also see talk by B. Owen on the 
determination of the excited nucleon 
state form factors, Thurs. @ 16:15
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: Under control : progress made/ 
more to come



Few-body talks to see
speakers date/time topic
Z. Davoudi Wed. @ 12:50 two-baryon formalism
T. Doi Thurs. @ 15:55 three-N force potential
M. Endres Fri @ 18:10 noise reduction
J. Green Wed @ 12:30  H-dibaryon 
W. Kamleh Wed. @ 09:00 five-quark operators
D. Leinweber Today @ 16:50 the nature of the Λ(1405)
A. Rusetsky Fri @ 17:50 ∆  to Nγ transition
B. Owen Thurs. @ 16:15 excited nucleons form factors
C. Shultz Thurs. @ 3:55pm radiative physics
S. Sharpe Today @ 14:15 three-particle formalism 
P.  Vachaspati Today Poster: B decays
A. Walker-Loud Today @ 17:10 multi-channel 1 to 2 formalism
M. Wingate Today Poster: B decays

many thanks to all who 
sent material to share!

Thanks!Stay for T. Yamazaki’s talks for more numerical results!


